Abstract. We consider the stochastic differential equations of the form
Introduction
The Blumenthal-Getoor index was first introduced in [5] in order to analyze the Hölder continuity of the sample paths, the r-variation, r ∈ (0, 2] and the Hausdorff-dimension of the paths of Lévy processes. Straightforward calculations gives that the Blumenthal-Getoor index of an r-stable process is r. Lévy processes with Blumenthal-Getoor index less than 1 (resp. greater that 1) have paths of finite variation (resp. infinite variation). The Brownian motion has finite 2-variation. By using Hoh's symbol, Schilling introduced in [18] a generalized Blumenthal-Getoor index which enabled him to characterize the Hölder continuity of the samples paths of a stochastic process. In [19] , Schilling and Schnurr described the long term behaviour in terms of this generalized index, for more details see also [3] . In [7] Glau gives a classification of Lévy processes via their symbols. To be more precise, Glau defines the Sobolev index of a Lévy process by a certain growth condition on its symbol.
In the present paper we investigate analytic properties of the Markovian semigroup generated by a stochastic differential equation driven by a Lévy process. The main result in this article is Theorem 2.1 which is important, for instance, in nonlinear filtering with Lévy noise where one has to analyze the Zakai equation with jumps. The leading operator of the Zakai equation is a pseudo-differential operator defined by the Hoh symbol of the driving noise in the state process. Thus, the uniqueness of the mild solution of the Zakai equation and its regularity depends very much on the estimate we obtain in Theorem 2.1.
Let L = {L(t) : t ≥ 0} be a d-dimensional Lévy process. We consider the stochastic differential equations of the form dX x (t) = b(X x (t)) dt + σ(X x (t−)) dL(t) X x (0) = x, x ∈ R d , (1.1) where b : R d → R d and σ : R d → R d × R d are Lipschitz continuous. In this case, the existence and uniqueness of a solution to equation (1.1) is well established. Let (P t ) t≥0 be the to X associated Markovian semigroup defined by
Then, it is known that (P t ) t≥0 is a Feller semigroup and its infinitesimal generator is given by
where the symbol ψ is defined by ψ(x, ξ) := − lim
In case L is a d-dimensional Brownian and σ ∈ C ∞ b (R d ; R d × R d ) is bounded from below and above, A is a second order partial differential operator on L 2 (R d ) with domain D(A) = H 2 2 (R d ). Moreover, (P t ) t≥0 is an analytic semigroup on L 2 (R d ) and the following inequality holds for
In this article we investigate under which conditions such an estimate holds, if L is a pure jump Lévy process and B a pseudo-differential operator induced by a symbol. For any ρ ≥ 0 we define the function · : R ∋ ξ → ξ ρ := (1+|ξ| 2 ) ρ 2 ∈ R. The following inequality, also called the Peetre inequality is used in several places
Let X be a non empty set and f, g : X → [0, ∞). We set f (x) g(x), x ∈ X, iff there exists a C > 0 such that f (x) ≤ Cg(x) for all x ∈ X. Moreover, if f and g depend on a further variable z ∈ Z, the statement for all z ∈ Z, f (x, z) g(x, z), x ∈ X means that for every z ∈ Z there exists a real number C z > 0 such that f (x, z) ≤ C z g(x, z) for every x ∈ X. Also we set f (x) ≍ g(x), x ∈ X, iff f (x) g(x) and g(x) f (x) for all x ∈ X. Finally, we say f (x) g(x), x ∈ X, iff g(x) f (x), x ∈ X. Similarly as above, we handle the case if the functions depend on a further variable.
Let S(R d ) be the Schwartz space of functions C ∞ (R d ) where all derivatives decreases faster than any power of |x| as |x| approaches to infinity. Let
The Fourier transform operator is denoted by F and its inverse is F −1 . Let 1 ≤ p < ∞ and s ∈ R, then H s p (R d ) denotes the Bessel Potential spaces or Sobolev spaces of fractional order defined by
Let (X, d) be a metric space. By C(X) we denote the set of all complex valued continuous function f : X → C. Further, if m = 1, 2, . . . we define
Hoh's Symbols associated to Lévy processes
Throughout the remaining article, let L = {L x (t) :
Let A be the infinitesimal generator of (T t ) t≥0 acting on C (2)
An alternative way of defining A makes use of the Lévy symbols. In particular, let ψ : R d → C be defined by
Then,
and ψ is called the Lévy symbol of the Lévy process L. It can be shown, that if L is Lévy process with symbol ψ, then the infinitesimal generator defined by (2.1) can also be written as (see e.g. [2, 11] ) A further important property of a Lévy symbol is, that it is negative definite.
If a negative definite function ψ is continuous, then
Moreover, every continuous negative definite function ψ has a representation
where c ≥ 0 is a constant, q ≥ 0 is a quadratic form and ν is a symmetric Borel measure on R d \ {0} called Lévy measure having the property that
The Blumethal-Getoor index of a Lévy process with Lévy measure ν is defined by the inf{p :
It has been generalized in several direction. Here, in this article we use also a generalization of the Blumenthal-Getoor index similarly to the characterization of pseudo-differential operators. Here α denotes a multi-index.
In order to define the resolvent of the symbol ψ associated to an operator A, we need to know the range of the symbol of ψ. Definition 2.3. Let L be a Lévy process with symbol ψ. Let Rg(ψ) be the essential range of ψ, i.e.
Rg(ψ) := {y ∈ C | Leb({s ∈ C : |ψ(s) − y| < ε}) > 0 for each ε > 0}
1 .
Finally, to characterize the spectrum of the associated operator, one can introduce the type of a symbol. Therefore, we introduce the following defi-
Definition 2.4. Let L be a Lévy process with symbol ψ. We say the symbol ψ is of type (ω, θ), ω ∈ R, θ ∈ (0,
Remark 2.1. If a symbol ψ is of type (0, θ), then there exists a constant c > 0 such that
.
. Moreover, the set Rg(ψ) equals the spectrum of A.
The generalized Blumenthal-Getoor index of order 0 and type of a symbol can be calculated in many cases. Here, we give some examples.
Example 2.1. Let α ∈ (0, 2) and L be a symmetric α-stable process without drift. is given by ψ(ξ) = |ξ| α , the upper and lower index is α, and ψ is of type (0, δ) for any δ > 0.
Example 2.2. Let L be the Meixner process as described in [20] (see also [13, p. 136] ). In particular, let L be a real-valued Lévy process with symbol
where m ∈ R, δ, a > 0, b ∈ (−π, π). Then the upper and lower index is 1 (see [13, p. 137-(3.226) ]. Moreover, the symbol ψ is of type (ω, θ) with ω = 0 and θ = arctan(m/δa).
Example 2.3. Let L be the normal inverse Gaussian process as described in [4] (see also [13, p. 138] ). In particular, let L be a real-valued Lévy process with symbol
where m ∈ R, δ > 0, 0 < |b| < a. This process is comparable with the Cauchy process, but has finite expectation. Next, the upper and lower index is 1 (see [13, p. 137-(3. 228)]. Moreover, for m = 0 the symbol ψ is of type (ω, θ) with ω = 0 and θ < π.
Let L = {L(t) : t ≥ 0} be a d-dimensional Lévy process without any Gaussian component. We consider the stochastic differential equations of the form dX
Then, (P t ) t≥0 is a Feller semigroup and one can compute its infinitesimal generator. Again, one way of computing A is done by Hoh's symbols (see [10] ). In particular, one has
where the symbol p is defined by
Alternatively, we can give an explicit form of p in term of the Lévy symbol of the driving noise L. In fact if ψ is Lévy symbol of the Lévy process L = {L(t) : t ≥ 0}, then it is shown in [19, Theorem 3.1] , that the symbol
Symbols also arises in the context of pseudo-differential operators, whereas the term symbol is defined in the following way (in Appendix B we give a short summary of some Definition and Theorems we need for our proof). 
• a is infinitely often differentiable;
• for any two multi-indices α and β there exists a positive constant C α,β > 0 depending only on α and β such that
The symbolic calculus for pseudo-differential operators is well established, see [15, 21, 23] . However, in case one considers symbols arising by solution to stochastic differential equations driven by Lévy processes, the derivatives of the symbol will not be necessarily continuous in the origin, i.e. in {0}. The behavior of ξ in the origin corresponds to the perturbation of the solution X of equation (2.3) by the large jumps of the Lévy process L. To illustrate this fact, let us assume that the symbol p(x, ξ) = a(ξ) is independent from x and positive definite. Then the symbol corresponds to a Lévy process. Now, let us assume that the Lévy process has a symmetric Lévy measure ν such that for all ℓ ≥ 2 the moments R d \{0} |y| ℓ ν(dy) are bounded. Then by [10, Proposition 2; p. 793] the Lévy symbol a is infinitely often differentiable and we have
That means, if all moments of the Lévy measure are bounded, i.e. the moments of the large jumps are bounded, then the Lévy symbol will be infinite often differentiable in the origin. Now, let us assume that the Lévy process is symmetric and r-stable with r < 2. It follows that the Lévy symbol is |ξ| r and the large jumps have only bounded moments up to order ℓ with ℓ < r. In case r < 1 the Lévy symbol is only once continuously differentiable in the origin and in case r > 1, twice continuous differentiable in the origin. Now, one may ask the question: does the non differentiability at the origin have any effect on the smoothing property of the corresponding Markovian semigroup (P t ) t≥0 . Again, let us assume that the Lévy process is symmetric and r-stable with r < 2. Then, the infinitesimal generator of the corresponding Markovian semigroup (P t ) t≥0 is −(−∆) r 2 . However, it is well known that
That means, the discontinuity of the derivatives in the origin will not have an effect on the smoothing property of the corresponding semigroup (P t ) t≥0 . However, the discontinuity at the origin have to be taken into account and we will relax the definition of symbols slightly and define the wider class of Hoh symbols.
Definition 2.6. Let m ∈ R, and ρ, δ two real numbers such that 0 ≤ ρ ≤ 1 and
• for all multi-indices α and β with |α|, |β| ≤ k we have
• for any two multi-indices α and β with |α|, |β| ≤ k, there exists a positive constant C α,β > 0 depending only on α and β such that
Remark 2.3. Let us assume that a Lévy symbol ψ has generalized BlumenthalGetoor index s of order k ≥ 1 and σ ≍ 1. Direct computation shows that the symbol a(x, ξ) :
. Now, we can formulate the following Theorem.
Moreover, let us assume that there exists a unique solution X to (1.1), where σ is given above and the Lévy process has symbol ψ given also above, generating a Markovian semigroup P = (P t ) t≥0 .
If q and ψ are k-times differentiable on R d , then no extra condition has to be satisfied. If ψ or q is only k-times differential on R d \ {0}, we assume that ψ(0) = 0, and q(0) = 0, and there exists some γ ψ > 0 and γ q > 0 such that and there exists some γ > 0 for which
and sup
for all multi-indices α with |α| ≤ k. If ψ is of type (ω, θ) and has generalized Blumenthal-Getoor index s 1 and q has upper Blumenthal-Getoor index less or equal to s 2 with s 2 < s 1 , then we have for any ρ ∈ R D) is described by the symbol a * (x, ξ). In addition, by Remark B.2, we know that if a ∈ Hyp
Thus, if the symbol ψ(σ T (x)ξ) and q(b T (x)ξ) satisfy the assumption of Theorem 2.1, then ψ * (σ T (x)ξ) and q * (b T (x)ξ), respectively, satisfy also the assumption of Theorem 2.1.
Proof of Theorem 2.1. First, note that we use within the proof the notation introduced in appendix B.
Let a(x, ξ) :
In particular, if (2.7) is true, then an application of Proposition A.1 gives the assertion. Hence, we are going to show that under the conditions of Theorem 2.1 estimate (2.7) holds.
In the first step, we assume that ψ, q, σ and b are Schwartz functions defined on R d , i.e. ψ, q, σ, b ∈ S(R d ). In the second step we replace ψ and q by sequences {ψ n : n ∈ N} ⊂ S(R d ) and {q n : n ∈ N} ⊂ S(R d ) converging to ψ and q, respective σ and b by sequences {σ n : n ∈ N} ⊂ S(R d ) and {b n : n ∈ N} ⊂ S(R d ) converging to σ and b, in appropriate sense that will precise later.
Step 1: Let us assume that ω = 0 and σ, b, q, ψ ∈ S(R d ). Let us put Σ = Σ θ+ π 2 . Since σ ∈ C k (R d ) and for all multiindices |α| ≤ k, |∂ α x σ(x)| ≍ 1, x ∈ R d , and since ψ has generalized Blumenthal-Getoor index s 1 , one see by the product and chain rule, that a(
(2) for all multi-indices α and β with |α|, |β| ≤ k we have
(3) since σ ≍ 1, for all multi-indices α and β with |α|, |β| ≤ k we have
Moreover, ψ has generalized lower Blumenthal-Getoor index s 1 , it follows that |ξ|
and, therefore, ψ(σ T (x)ξ) ∈ Hyp 
. By Theorem B.5 we know that the symbol r(x, ξ, λ) of the resolvent (A + λI) −1 = R(λ, A) belongs to HypL
Therefore, by Theorem B.1, we know that the product q(x, ξ)r(x, ξ, λ)
. Put Φ = |ξ| + |x| and Ψ(ξ, x) = 1. Using the refined symbol class given in Definition B.9, we haveq(x, ξ) ∈ S(M q , φ, ψ) with Mq (x,ξ) = |ξ| + |x| s 2 and r(x, ξ, λ) ∈ S(M r,λ , φ, ψ) with M r,λ (x, ξ) = |λ| 1 s 1 + |ξ| −s 1 . In particular, by Theorem B.6 we get |q(x, ξ)r(x, ξ, λ)| |ξ| + |x|
We first show that for all multi-indices α and β with |α| ≤ k and |β| ≤ k we have sup
First, to get an estimate independent of ξ and x, we prove that there exists a R > 0 such that |ξ| s 2
In fact, differentiation gives that f λ attains it maximum for
where
Hence, there exists a constant C = C(s 1 , s 2 ) > 0 such that
for all λ ∈ Σ. Applying Theorem B.4 gives (2.7). In order to generalize the inequality to the Bessel Potential spaces H ρ 2 (R d ), where ρ ∈ R, we notice first that for λ ∈ Σ the symbol
Next, note that (I +∆)
In addition, we have
, and (I + ∆)
and Theorem B.4 we get
Finally, Theorem A.1 gives the assertion for general ρ ∈ R.
Step 2: If ψ and q belong to
, there exist sequences {ψ n : n ∈ N}, {σ n : n ∈ N}, {q n : n ∈ N} and {b n : n ∈ N} ⊂ S(R d ) converging to ψ, σ, q, and b. If ψ, q ∈ C k (R d \ {0}), then we show that there exist {ψ n : n ∈ N} and {q n : n ∈ N} ⊂ S(R d ) such that for all multi-indices α and β with |α| ≤ k and |β| ≤ k following limit holds
For each n there exists sequences {ψ n k :
Put ψ n =ψ n n and q n =q n n . Now, a straightforward calculations shows that for any multi-index α with |α| ≤ k we have
for n → ∞. Furthermore, we have
for n → ∞. Let π n be the symbol of the composition q n • r n where q n and r n are as above. Put
Because of (B.1) and (B.2) we have
Let us now replace in
Step I ψ and q by the sequences {ψ n : n ∈ N} and {q n : n ∈ N} constructed above, and σ and b by sequences {σ n : n ∈ N} and {b n : n ∈ N} converging to σ and b in C k (R d ). The Lebesgue domination Theorem gives the assertion. To tackle the case where ω = 0 we have to shift λ in order to get the desired result. 
and A be an infinitesimal generator of a semigroup T , i.e.
Let ρ(A) be the set of all complex numbers λ for which λ − A is invertible, i.e. ρ(A) := λ ∈ C : (λ − A) −1 is a bounded operator .
In order to characterize a C 0 -semigroup, we introduce the following definition.
Definition A.2. Let X be a Banach space and let A be the generator of a degenerate analytic C 0 -semigroup on X. We say that A is of type (ω, θ, K), where ω ∈ R, θ ∈ (0,
The theorem below gives some characterizations of analytic C 0 -semigroups that we will use later on.
Theorem A.1. Let (T (t)) t≥0 be a degenerate C 0 -semigroup of type (M, ω) for some M > 0 and ω ∈ R. Let A be the generator of T . Let ω ′ > ω. The following statements are equivalent:
(1) T is an analytic C 0 -semigroup on Σ θ for some θ ∈ (0, π 2 ) and for every θ ′ < θ there exists a constant
and for every δ ′ ∈ (0, δ) there exists a constant C 2,δ ′ > 0 such that:
T is differentiable for t > 0 and there exists a constant C 3 such that:
The proof can be found in [16, Theorem 2.5.2] for exponentially stable analytic C 0 -semigroups with boundedly invertible generator and can be transferred to arbitrary analytic C 0 -semigroup by the following observation. If T is a C 0 -semigroup of type (M, ω, K) and A is the generator of T , then for any ω ′ > ω the C 0 -semigroup (e −ω ′ t T (t)) t≥0 is exponentially stable and the generator of this semigroup, A − ω ′ I X , is invertible.
For our purpose we need an estimate which is very similar to estimate (3) of Theorem A.1.
Proposition A.1. Let X be a Banach space. Let A 0 be the generator of a degenerate analytic C 0 -semigroup T on X and let B be a possible unbounded operator acting on X. Suppose A 0 is of type (ω, θ, K) for some ω ∈ R, θ ∈ (0, π 2 ) and K > 0. Suppose there exist an ε ∈ [0, 1) and a constant C(A 0 , B) such that for all λ ∈ ω + Σ π 2 +θ one has:
Then for all t > 0 we have:
Proof of Proposition A.1. First assume that ω = 0. Let θ ′ ∈ (0, θ), ρ ∈ (0, ∞), and Γ θ ′ ,ρ = Γ
(1)
θ ′ ,ρ , where Γ 
It follows from [16, Theorem 1.7.7] that for s > 0
For any x ∈ X we have
Therefore, for any ε ∈ [0, 1) and s > 0 we have the following chain of equalities/inequalities
By letting ρ → 0
Therefore,
Appendix B. Symbol Classes and pseudo-differential operators
In this section we shortly introduce pseudo-differential operators and their symbols. In addition we introduce the definitions and Theorems which are necessary to for our purpose. For a detailed introduction on pseudodifferential operators and their symbols we recommend the books [15, 21, 23] .
In order to treat pseudo-differential operators different classes of symbols have been introduced. We follow here mainly the definition of [21] .
• for any two multi-indices α and β and any compact set K ⊂ X there exists C K,α,β such that
We call any function a(x, ξ) belonging to ∪ m∈R S m 0,0 (R d , R d ) a symbol. For many estimates, one does not need that the function is infinite often differentiable. Due to this reason, one introduce also the following classes.
• and for any two multi-indices α and β with |α| + |β| ≤ k, there exists a positive constant C α,β > 0 depending only on α and β such that
is called pseudo-differential operator.
The product of two pseudo-differential operator is again a pseudo-differential operator and can be characterized as follows. 
Moreover,
The equation (B.1) means that 
Then we call a * (x, D) the formal adjoint operator of the operator a(x, D).
The existence of the formal adjoint is given by the following Theorem. 
is the adjoint operator of a(x, D). In addition, a * (x, ξ) has the following expansion
The next point of interest is to classify the operator which are bounded operator.
is a linear and bounded operator.
In fact, analyzing the proof of Theorem 9.7 [23, p. 79] one can see that the condition of the differentiability at the origin can be relaxed. Here, it is important to mention that the proof relies on the Theorem 2.5 [9, p. 120] (see also Theorem 4.23 [1] ), from which one can clearly see the extension of the Theorem 9.7 of [23] to symbols, whose derivatives have a singularity at {0}. Moreover, analyzing line by line of the proof of Theorem 9.7, one can give an estimate of the norm of the operator.
Moreover, let us assume that for any multi-indices α and β with |α|, |β| ≤ k
Then the corresponding operator a(x, D) is bounded on L 2 (R d ) with the uniform estimate
To investigate the inverse of a pseudo-differential operator one can introduce set of elliptic and hypoelliptic symbols. 
• there exists some R > 0 such that
and for an arbitrary multi-indices α and β and for any compact set K ⊂ X there exists a constants C α,β,K with 
• For arbitrary multi-indices α and β and for any compact set K ⊂ X there exists a constants C K,α,β such that
Since the resolvent can be viewed as a parameterized family of symbols, we introduce the following definition. 
• For any compact set K ⊂ X there exists two constants C K andC K such that for x ∈ K, ξ ∈ R d , λ ∈ Λ, |ξ| + |λ| ≥ R.
• For arbitrary multi-indices α and β and for any compact set K ⊂ X there exists a constants C K,α,β such that In order to deal with operators depending on parameter, one can treat a family of symbols by refining the definition of symbol classes see for instance, [15, p. 19] . 
